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The Skyrme energy density functional is applied to study the ground state properties of a series of finite nuclei.

The charge rms radii, neutron rms radii, and the neutron skin thickness for some nuclei are calculated and com-
pared with the experimental data. The constraint on the effective interactions, especially, the density dependence
of the isospin-dependent part of Skyrme interactions is extracted by the data of neutron skin thicknesses of 2°® Pb

and isotopes of Sn.

PACS: 21.30.Fe, 21.10. Gv, 21.10. Dr

There has been considerable interest in the neutron
density distribution and the thickness of neutron skin
of nuclei both theoretically and experimentally.[!=4
It has been shown that the thickness of neutron skin
of nuclei closely related to the density dependence of
the symmetry energy and is an important observable
for probing the symmetry potential of nuclear matter.
There has been accumulated a few data on the neutron
skin thickness of nuclei such as 2°8Pb, the isotopes of
Sn and Ca. These data provide us with a good testing
ground for effective nucleon-nucleon interactions. The
methods for extracting the neutron-skin thickness usu-
ally including hadron scattering, 7~ elastic scatter-
ing, antiprotonic atoms, parity-violating electron scat-
tering, the giant dipole resonance method and spin-

dipole resonance method. Recently, the isospin diffu-
sion data in heavy ion collisions are also applied to
extract the neutron-skin thickness of heavy nuclei.l®!
Table 1 gives a summary of the neutron-skin thick-
ness obtained in different methods.l®6! One can see
from the table that the neutron-skin thicknesses ob-
tained by different methods are not consistent due to
the model-dependent analysis and the accuracy of the
measurements . Nevertheless, one can still ask if we
can learn something about the effective interaction
with these experimental data? The aim of this work
is to seek the constraint on the effective interactions
from the present existing data of neutron-skin thick-
nesses.

Table 1. The data for the neutron skin thickness of Sn isotopes and 298Pb.

Nuclei  (p,p)["8 (p,p)[® GDRI1 SDR1[12] SDR205] Antiproton10]
TT4sy < 0.09 0.13+0.01

1169y 0.15+0.05 0.024£0.12 0.124£0.06 0.15+0.01 0.12 £ 0.02

1183y 0.134+0.06 0.18 +0.01

1205y 0.18 0.21 £ 0.01 0.12 £ 0.02

1229p 0.224+0.07 0.23+0.01

124gn  0.254+0.05 0.214+0.11 0.1940.07 0.26 4+ 0.01 0.19 + 0.02

208PL  0.144+0.04 0.20+£0.04 0.19 £ 0.09 0.12 £ 0.07 0.15 £ 0.02

According to the Hohenberg and Kohn  neutron skin thicknesses of a series of nuclei by the

theorem, ™3] the energy of an N-body system of in-
teraction fermions is a unique functional of local
density. In the framework of the semi-classical ex-
tended Thomas—Fermi (ETF) approach together with
a Skyrme effective nuclear interaction such a func-
tional can be derived analytically. The density func-
tional theory can be widely used in many-body prob-
lems which provides us with a useful balance between
accuracy and computation cost allowing large systems
with a simple self-consistent manner. In this Letter,
we apply the semi-classical expressions of the Skyrme
energy density functional to study the ground state
energies, the proton neutron density distributions, and

restricted density variational (RDV) method.[14~16]

The binding energy of a nucleus can be expressed
as the integral of energy density functional

E:/Hw. (1)

The energy density functional H includes the kinetic,
nuclear interaction and Coulomb interaction energy
parts

2

H= 2h_m[7_p(7') + Tn(r)] + 7'lsky(r) + HCOUI(T)' (2)

For the kinetic energy part, the extended Thomas—
Fermi (ETF) approach including all terms up to sec-
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ond order (ETF2) and forth order (ETF4) in the spa-
tial derivatives is adopted as in Ref.[14]. The ki-
netic energy densities of protons (¢ = p) and neutrons
(i = n) with ETF2 are given by

3 1 (Vpi)?
Ti(r) = 5(3”2)2/%?/?’ + 1 Vo) + 2 Api

1
i 36 p; 3
L 1VpiVii+ pidfi
6 i
(T Sy

where p; denotes the proton or neutron density of the
nucleus and p = p, + pn; Wy denotes the strength
of the Skyrme spin-orbit interaction; f;(r) in Eq. (3)
reads

filr) = 14 22 Bap(r) + Bapi(r)],  (4)

1

1 1 1 . .
1 |:t2 (acg + 5) —t (ml + 5)} . The nuclear interaction
part with Skyrme interaction Hsiy reads
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where tg, t1, ts, t3, Tg, 1, T2, 3, and « are the
Skyrme-force parameters.!'® The last term on the
right-hand side of expression (5) is the semi-classical
expansions (up to the second order in %) of spin-orbit
densities. The Coulomb energy density can be writ-
ten as the sum of the direct and exchange terms, the
latter taken into account in the Slater approximation,

4 h?

e? (7’
HCoul(T) = 2pp("')/|rp£r)ldrl

O R

From Egs. (1)—(6), one can see that the total energy
of a nuclear system can be expressed as a functional
of proton and neutron densities [p,(r) and p,(r)] un-
der the Skyrme interaction associated with the ETF
approximation.
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Fig.1. The average energies per nucleon E/A for iso-

topes of O, Ca, Ni, Zr, Sn, Sm, W, and Pb calculated by
the RDV approach (solid curves). The open circles denote
the corresponding experimental data.

By minimizing the total energy of the system given
by expression (1), the neutron and proton densities
can be obtained. The neutron and proton density
distributions are taken to be the spherical symmet-
ric Fermi function:

r — Ro;

(2

)7 iz e @)

Here Ry, a, Rop, and a,, are the radius and diffuse-
ness of proton and neutron density distributions, re-
spectively. Among three quantities pg;, Ro; and a; in
Eq. (7), only two of them are independent due to the
conservation of total particle number.

By using optimization algorithm, one can obtain
the minimal energy Fj as well as the corresponding
Rop, ap, Rop, a, for the neutron and proton density
distributions.

pi(T) = poi [1 + exp (

First we calculate the energies per nucleon E/A
for a series of nuclei as a test of the model. Figure 1
shows the energies per nucleon for isotopes of O, Ca,
Ni, Zr, Sn, Sm, W, and Pb calculated with SkM*. The
experimental data are also presented in the figure for
comparison. One can see that the calculation results
are in good agreement with experimental data except
very light nuclei with an error of about 0.5 MeV.

In Fig. 2, we show the proton and neutron density
distributions for Ca, Zr, Sn, and Pb isotopes. One sees
that for neutron density distributions, the central den-
sity and surface extension increase with the increasing
number of neutron for given proton number Z, while
for proton density distributions, the central density
decreases and the surface extension increases with the
number of neutron increasing. This indicates that the
increased neutrons may push the protons to the sur-
face of the nucleus due to neutron-proton interaction.
The behaviour of proton and neutron density distri-
butions founded in this work is similar with that in
Ref. [17] in which the HF+BCS method was adopted.
The point is that much more computation cost is saved
by the method used in this work.

Figure 3 shows the neutron skin thicknesses of iso-
topes of 1148n, 1168y 1188y 120Gy 122Gy and 124Sn cal-
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culated with 45 Skyrme interactions, published since
1972.018] All calculations are with ETF4. The neutron
skin thicknesses calculated with ETF4 are slightly
larger than those of ETF2. Corresponding experi-
mental datal® are also shown in this figure. One can
see from the figure that neutron skin thicknesses cal-
culated with different Skyrme interactions are largely
divergent. The new data obtained by the SDR method
(denoted as SDR2) are much larger than the previous
data with SDR (denoted with SDR1) and with an-
tiprotonic atom method. The data with SDR2 can
be described by SKT4-5, SKO and SKI1. The char-

0.10

acteristic feature of this group of Skyrme interactions
is their symmetry energy, which belongs to the most
stiff symmetry energy among 45 Skyrme interactions.
While the data obtained by SDR1 and antiprotonic
atom are better described by SKT1-3, SKMP, and SLy
series. The symmetry energy for this group of Skyrme
interactions is not so stiff as the previous group. The
data for the neutron skin thickness of 2°8Pb obtained
by the antiprotonic atom can be described by SKM*,
SKp, SKX, SII, SKT1-3, SKT6-9, MSK1,2 and SLy
series, the group of Skyrme interactions with soft sym-
metry energy.
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Fig. 2. The proton and neutron densities of the isotopes of Ca, Zr, Sn, and Pb, respectively.
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Fig. 3. The neutron skin thicknesses (Ar = r, — rp) of
isotopes of 114Sn, 1168n, 1188y, 1208y 1228h and 124Sn
calculated with 45 Skyrme interactions (open symbols)
and the corresponding data from different experimental
methods.

Now let us discuss the constraint on the density
dependence of the symmetry energy from the data
available till now. The equation of state (EOS) for
asymmetrical nuclear matter can be given empirically

e(p,8) = e(p,0) + esym(p)6* + O(6*). (8)

Here e(p, 0) is the iso-scaler part, egym is the bulk sym-
metrical energies, and § = (p, — pp)/(pn + pp) is the
degree of the isospin asymmetry. Near the saturated
density, esym can be expanded as

Lip—p
esym(p) :esym(p()) + g( O)

Po

Ks m (P — PO 2
n _Y<_) .. 9
18 \ 7 (9)
esym(po) is the symmetry energy coefficient, L =

8€sym d K. —9 Qazesym .

903—p lp=po an sym = JPp 8p? \p=po BiVe

the slope and the curvature of the symmetry energy
near the saturated density, respectively. L and Ky
give the density dependence of the symmetry energy
near saturated nuclear density. Figure 4 plots the
neutron skin thicknesses of *Ca, 180, 124Sn, 1328n
and ?°®Pb as a function of L(a) and Kgyy(b) calcu-
lated with all available Skyrme interactions, respec-
tively. The calculation results with different Skyrme
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interactions are largely divergent. The figure shows
a tendency that the neutron skin thickness increases
with the increase of L and Ky, as that given in
Ref. [19]. In the figure we also indicate the data ob-
tained by different methods. The solid line gives the
data for neutron skin thicknesses obtained with SDR2,
the dashed line gives those with the anti-protonic atom
method and the dot-dashed line gives the results with
the (p,p) method. From the data of the neutron
skin thickness of '24Sn obtained with the antiproton
atom method, the ranges of 22 ~ 75MeV for L and
—261 ~ —40MeV for Ky can be obtained. While
the ranges of 98 ~ 161 MeV for L and —25 ~ 235 MeV
for Ksym are obtained from the data of neutron skin
thickness of '24Sn obtained with SDR2. From the
data of the neutron skin thickness of 2°8Pb with the
(p,p) method we obtain the ranges of 48 ~ 95MeV
for L and —255 ~ —24MeV for Ky, while that
of 298Pb with the SDR2 method suggests L in the
range of —40 ~ 74MeV and Ky in the range of
—460 ~ —270 MeV. One can see from the above anal-
ysis that the range of the density dependence of the
symmetry energy is largely reduced as soon as the data
with one specific method are concerned. However, if
one consider all available data from different methods
we find the uncertainties of L and Ky, are still very
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Fig. 4. The neutron skin thicknesses of 180, 48Ca, 1248n,
1328n and 298Pb as a function of (a) L and (b) Ksym,
respectively.

large. However, the calculation results with all avail-
able Skyrme interactions around the data obtained
with antiprotonic atom roughly form a plateau. This
means that the data for neutron skin thicknesses of
124Gn and 2°®Pb obtained with antiprotonic atom
method seem to be better described by more Skyrme
interactions. We find that those can reproduce the
data obtained with antiprotonic atom method include
SKm*, SKp, SLy series, SKX, SKT1-3, which are
widely used in calculations of nuclear structure and
reactions. Furthermore, concerning the new data of
neutron skin thicknesses of isotopes of Sn and 2°8Pb
with SDR(SDR2) method,! it seems that the same
experimental method provides rather incompatible in-
formation of the symmetry energy. For the Sn case the
data suggest a very stiff symmetry energy while for
the Pb case the data suggest a soft symmetry energy.
The reason probably is due to the model dependence
of the analysis method. Therefore, it seems to us that
a model independent analysis method for extracting
the neutron skin thickness is especially important.

In summary, in this letter the neutron skin thick-
nesses of even-even Sn isotopes and 20%Pb are cal-
culated with 45 Skyrme interactions available up to
now and compared with the data obtained with var-
ious methods. The calculation results show that the
neutron skin thickness increase with the stiffness of
the symmetry energy and the data obtained with an-
tiprotonic atom method can be better described by
more Skyrme interactions. Our study indicates that
the model independent analysis method for extracting
the neutron skin thickness is especially important for
providing accurate information of the density depen-
dence of the symmetry energy of nuclear matter.

Wang thanks the Alexander von Humboldt-
Stiftung Foundation for a fellowship.
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