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Abstract: The linear relationship between the charge radius deviations for nuclei (Z, N) and those for (Z, N —2) is
observed in the predictions of the WS* radius formula and HFB25 model. Together with the linear relationship, a

modified radial basis function (RBFIr) approach is proposed to further improve the accuracy of the models in charge

radius predictions. The root-mean-square deviation with respect to 995 measured nuclear charge radii falls to 0.007

fm, and the charge radii of Ca isotopes can be much better reproduced. In addition, based on the proposed approach,

the charge radii of 331 unmeasured nuclei are predicted. This linear correlation combined with RBFIr has the poten-

tial to become a typical practice of physically guided machine learning approaches in nuclear physics.
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I. INTRODUCTION

The nuclear charge radius, as one of the fundamental
properties of the atomic nucleus, is an important physical
quantity for characterizing the size of the atomic nucleus.
Precise measurements and predictions of nuclear charge
radius provide critical insights into structure information
of the atomic nucleus, such as isospin [1, 2], shell evolu-
tion [3], deformation parameter [4], and exotic halo struc-
ture [5]. The information about the symmetry energy of
nuclear matter near the saturation density can be ob-
tained based on the difference of the charge radii for the
mirror nuclei [2, 6—12]. It is worth noting that the nucle-
ar charge radius is also an important data for testing the
accuracy of the standard model [13]. Experimental de-
termination of nuclear charge radius is achieved through
multiple precision techniques, including high-energy
electron scattering [14, 15], muonic X-ray spectroscopy
[16], Ka X-ray isotope shift analysis [17], and laser spec-
troscopic measurements of isotope shifts [18]. With the
application of laser spectroscopy technology in the meas-
urement of unstable atomic nuclei, more than 1000 nucle-
ar charge radii have been measured [19-21]. These data
have provided strong support for the exploration of nucle-
ar structure and the verification of nuclear theoretical
models.
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Numerous theoretical methods are used to describe
the nuclear charge radius. One type is the semi-empirical
formulas proposed based on the A/ [22] or Z'/3 [1] laws,
where 4 and Z represent the mass number and proton
number of the atomic nucleus, respectively. As the exper-
imental data accumulate continuously, empirical formu-
las considering isospin, shell, pairing, and deformation
effect corrections have been proposed. The current most
accurate empirical formula is the WS* radius formula [2]
developed by Wang et al., which incorporates isospin de-
pendence, shell effects, and deformation corrections. In
this framework, the shell correction energies and deform-
ation parameters essential for charge radius calculation
are derived from the Weizsdcker-Skyrme (WS*) [23]
nuclear mass model. Remarkably, the WS* radius for-
mula achieves a root-mean-square (rms) deviation of only
0.022 fm when describing 885 experimental data points,
demonstrating exceptional predictive accuracy, and can
better describe the kink point caused by the shell effect.
Some microscopic methods can also be used to describe
the nuclear charge radius, such as the Hartree-Fock-
Bogoliubov (HFB) [24—26] model, relativistic mean-field
(RMF) [27] model, relativistic continuum Hartree—
Bogoliubov (RCHB) [28] model, and covariant density
functional theory (CDFT) [29]. The HFB25 [24] model
describes the rms deviation of 884 experimental data as
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0.025 fm. The CDFT can better describe the odd-even ef-
fect of nuclear charge radius. In addition, some local rela-
tions can effectively predict the nuclear charge radius,
such as the Garvey-Kelson (GK) relations [30] and
charge radius relations of neighboring nuclei [31, 32].
Recently, an interesting linear correlation of deviation
between theoretical predictions and experimental data-
bases for nuclear charge radii was observed, and the ac-
curacy of the theoretical model in describing the nuclear
charge radius can be improved by this linear correlation
[33].

Machine learning techniques have demonstrated re-
markable efficacy across diverse nuclear physics applica-
tions, such as nuclear mass prediction [34—52], fission
yield estimation [53, 54], nuclear decay half-life predic-
tion [55—57], and symmetry energy slope parameter ex-
traction [58—60]. These applications highlight the trans-
formative potential of data-driven approaches in address-
ing complex nuclear phenomena. To further enhance the
accuracy of the theoretical model in describing the nucle-
ar charge radius, the radial basis function (RBF) [21],
Bayesian neural network (BNN) [61-63], kernel ridge re-
gression (KRR) [64, 65], and other machine learning ap-
proaches [66, 67] have been introduced. These machine
learning approaches are essentially based on training the
residuals between the theoretical model predictions and
experimental values to further improve the prediction ac-
curacy of nuclear charge radii. This traditional method of
training residuals has now reached a bottleneck, even
when multiple machine learning algorithms are em-
ployed. Therefore, it is extremely urgent to explore new
physical mechanisms to further enhance the reliability of
the machine learning approach in predicting the nuclear
charge radius.

In this work, a linear relationship was combined with
the RBF approach to predict the nuclear charge radii (for
nuclei with Z > 8, N >8). The methodological details of
the RBF approach combined with the linear relationship
are presented in Section II. Section III provides the res-
ults and discussion, and the main conclusions are sum-
marized in Section [V.

II. NUMERICAL DETAILS

The conventional method for predicting nuclear
charge radius using the RBF approach involves training
on  experimental and  theoretical  deviations
AR.(Z, N) = R**(Z,N) - R"(Z, N) to reconstruct the func-
tion S(Z, N). The revised charge radius of nucleus (Z, N)
is given by

R¥¥F(Z, N)=R™(Z,N)+S(Z, N). (1)

To address the systematic deviations inherent in conven-

tional theoretical predictions and experimental measure-
ments, we conducted a comprehensive analysis of the re-
lationship between nuclear charge radius deviations
AR.(Z, N) and AR.(Z, N —2). The WS* radius formula [2]
and HFB25 model are used for the calculations of charge
radii R™. Figure 1 demonstrates a strong linear relation-
ship between nuclear charge radius deviations AR.(Z, N)
and AR.(Z, N —2), with a Pearson linear correlation coef-
ficient reaching 0.8. This linear relationship may reflect
the influence of the isospin effect on the nuclear charge
radius. It is possible to achieve a fusion of the physical
mechanism and data-driven approach by combining this
linear relationship with the RBF approach. The RBF ap-
proach considering linear relationship (RBFIr) trains re-
sidual 6(Z, N) = AR.(Z, N)—AR.(Z, N—-2) to obtain the
new reconstruction function, S"(Z, N). The revised
charge radius of neutron-rich nucleus (Z, N) is then given
by

RRBFIN(Z, N) = R™(Z,N)+AR(Z,N-2)+S"(Z,N). (2)

Similarly, the revised charge radius of proton-rich nucle-
us (Z, N-2) is given by

RRBFIN(Z N-2)=R™Z,N-2)+AR.(Z,N)-S"(Z,N). (3)

The calculation details for S"(Z, N) are similar to those of
the traditional RBF approach and can be found in the
Refs. [21, 34—-36]. For convenience, the theoretical mod-
el improved wth the RBFIr approach is denoted by
"model+RBFIr". To evaluate the predictive power of
model+RBFlr, the rms deviation

] n
- (RSP -RIP, ©)
i=1

is employed, where R®P and R" are the experimental and
theoretical nuclear charge radii, respectively, and 7 is the
number of nuclei contained in a given set.

III. RESULTS AND DISCUSSION

To evaluate the predictive power of the RBFIr ap-
proach, the measured 1028 charge radii [19—-21] for nuc-
lei (Z=8, N=8) are used in the analysis. We selected
855 atomic nucleus pairs based on the new training data
approach. First, the charge radii of 855 neutron-rich nuc-
lei are predicted based on Eq. (2) using the leave-one-out
cross-validation method and compared with the predic-
tion results of the model and the model combined with
the RBF approach. Figure 2 shows the trend of the devi-
ations between the theoretical and experimental charge
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formula and HFB25 model, respectively.

radii of 855 neutron-rich nuclei as a function of the neut-
ron number. As demonstrated in Fig. 2(a), the RBFIr ap-
proach exhibits significant advantages over the conven-
tional RBF approach in enhancing the prediction accur-
acy of the WS* radius formula. While the traditional RBF
approach reduced the rms deviation of prediction results
for WS* radius formula from 0.021 to 0.016 fm (a 23.8%
improvement), the RBFIr approach achieved substan-
tially greater enhancement, decreasing the rms deviation
from 0.021 to 0.008 fm, corresponding to a 61.9% im-
provement. Similarly, the RBFIr approach also played a
significant role in improving the prediction results of the
HFB25 model. As shown in Fig. 2(b), when the HFB25
model is combined with the RBFIr approach, the rms de-

(color online) Relationship between AR:(Z, N) and AR.(Z, N -2). The squares and circles denote the results of the WS* radius

viation of the charge radii of 855 nuclei decreases from
0.025 to 0.013 fm, improving by 48.0%. However, when
the HFB25 model is combined with the RBF approach,
the rms deviation of the nuclear charge radius can only be
reduced to 0.018 fm, improving by only 28.0%. This
comparative analysis demonstrates that the RBFIr ap-
proach exhibits superior performance in enhancing the
predictive accuracy of theoretical models for nuclear
charge radii when compared to the conventional RBF ap-
proach. This advantage of the RBFIr approach is even
more evident around neutron number N =90, as shown in
Fig. 2. Based on a systematic analysis of experimental
data on nuclear charge radii, we found that theoretical
models show systematic deviations in describing the nuc-
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Fig. 2.

(color online) Trend of the deviations between the theoretical and experimental charge radii of 855 neutron-rich nuclei as a

function of the neutron number. (a) The squares, dots, and triangles respectively represent the prediction results of the WS* radius for-
mula and its combination with the RBF and RBFIr approaches. (b) Same as (a) but for the HFB25 model.
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lear charge radii of this nuclei region. The atomic nuclei
in this region may possess a non-axisymmetric tetrahed-
ral structure [68], which could lead to anomalous charge
radii. The systematic deviations in describing the charge
radii of nuclei in this region provided by the WS* radius
formula and HFB25 model may arise from the fact that
only axisymmetric quadrupole and hexadecapole deform-
ations were accounted for in the calculations. Because the
RBFIr approach requires the introduction of the devi-
ation of the adjacent nuclear charge radius as one of the
correction terms, it can counteract this kind of systematic
deviation. However, this systematic deviation compensa-
tion does not apply to the description of the nucleus with
the first abnormal increase in charge radius along the iso-
tope chain, such as '"*'Hg. Therefore, in Fig. 2, we can ob-
serve that in the results improved by the RBFIr approach,
there are a few points with larger deviations. The probab-
ility of similar risks occurring in the region of lighter
atomic nuclei is also higher because of the presence of
exotic structures. It is worth noting that the prediction of
the charge radii for proton-rich nuclei based on Eq. (3)
also shows the same degree of improvement.

To systematically evaluate the extrapolation capabil-
ity of the RBFIr approach, we constructed two distinct
test sets: test set 01 specifically targeting neutron-rich
nuclei and test set 02 focusing on proton-rich nuclei. The
corresponding learning sets for both test sets were care-
fully selected from the comprehensive dataset of 855 nuc-
lei pairs mentioned above. For test set 01, 117 nuclei
were selected from a pool of 855 atomic nuclei (Z, N)
(with proton number Z and neutron number V), ensuring
these selected nuclei were absent from the corresponding
855 atomic nuclei (Z, N —2) dataset. Test set 01 is paired
with learning set 01, which comprises 715 nuclei extrac-

ted from the 855 atomic nuclei (Z, N —2) dataset. Simil-
arly, for test set 02, 117 nuclei were chosen from the 855
atomic nuclei (Z, N —2) dataset, with their counterparts in
the 855 atomic nuclei (Z, N) dataset intentionally ex-
cluded. Test set 02 corresponds to learning set 02, which
includes 715 nuclei sampled from the 855 atomic nuclei
(Z, N) dataset. The spatial distribution and composition
characteristics of these learning and test sets are visually
presented in Fig. 3. Figure 3 reveals that a significant pro-
portion of atomic nuclei in test sets 01 and 02 reside out-
side the spatial distribution of their respective learning
sets. Consequently, the charge radius predictions for these
nuclei inherently involve extrapolation beyond the estab-
lished learning domains. Figure 4 shows the trend of the
deviations between the theoretical and experimental
charge radii of test sets 01 and 02 as a function of the pro-
ton number. As can be seen from Fig. 4(a), for test set 01,
the rms deviation between the prediction results of the
WS* radius formula and experimental values is 0.027 fm.
The WS* radius formula combined with the RBF ap-
proach showed an rms deviation of test set 01 of 0.019
fm, which is a 29.6% improvement. The WS* radius for-
mula combined with the RBFIr approach showed an rms
deviation of test set 01 of 0.015 fm, which is a 44.4% im-
provement. As can be seen from Fig. 4(b), for test set 02,
the improvement in the prediction results of the WS* ra-
dius formula by the RBFIr approach is greater than that of
the RBF approach. When the WS* radius formula is com-
bined with the RBFIr approach, the rms deviation in de-
scribing the nuclear charge radii of test set 02 reaches
0.016 fm. It is worth noting that the WS* radius formula
combined with the RBFIr approach yields slightly better
extrapolation results for the neutron-rich region com-
pared to those for the proton-rich region. We speculate
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Fig. 3.

(color online) Distributions of learning and test sets. (a) The solid and hollow triangles respectively represent learning set 01

and test set 01, where test set 01 is mainly located in the neutron-rich region. (b) The solid and the hollow triangles respectively repres-
ent learning set 02 and test set 02, where test set 02 is mainly located in the proton-rich region.
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(color online) Trend of the deviations between the theoretical and experimental charge radii of test sets 01 and 02 as a func-

tion of proton number. (a) The squares, dots, and triangles respectively represent the prediction results of the WS* radius formula and
its combination with the RBF and RBFIr approaches for test set 01. (b) Same as (a) but for test set 02.

that, in the proton-rich region, the Coulomb interaction
may have disrupted the isospin symmetry, thereby redu-
cing the accuracy in describing the nuclear charge radius.
Furthermore, as can be seen in Fig. 4, a similar phe-
nomenon is observed to that in Fig. 2. In the region of
proton number Z = 65-71, the deviation of the WS* ra-
dius formula prediction results is significantly improved
by the RBFIr approach, while in the region around pro-
ton numbers Z = 40 and 80, a few data actually increased.
The reason for this similar phenomenon is also the abnor-
mal increase in charge radius due to the deformation
evolution of the atomic nucleus. The computational res-
ults reveal that the HFB25 model integrated with the RB-
Flr approach exhibits prediction patterns analogous to
those of the WS* radius formula for test sets 01 and 02,
but the latter achieves superior accuracy. It is worth not-
ing that the WS* radius formula combined with the RB-
Flr approach can describe the nuclear charge radii of test
sets 01 and 02 with rms deviations that are comparable to
the errors of a portion of the experimental data for nucle-
ar charge radii. Although the extrapolation range of this
method is relatively limited, based on existing experi-
mental data, we can provide charge radii for 1326 nuclei
based on the WS* radius formula combined with the RB-
Flr approach, where the charge radii for 331 nuclei are
not measured experimentally. Moreover, the rms devi-
ation between the predicted and experimental values of
the charge radii for the remaining 995 nuclei is only
0.007 fm.

The accurate prediction of charge radii in the Ca iso-
tope chain presents a persistent challenge for theoretical
models, primarily due to two competing effects: the ab-
rupt structural transitions associated with magic numbers
and the characteristic odd-even staggering phenomena.

To further test the predictive ability of the RBFIr ap-
proach, in Fig. 5 (a) we present the experimental values
of the charge radius of the Ca isotope chain, as well as the
predicted values of the WS* radius formula and its com-
bination with the RBFIr approach. Figure 5(a) demon-
strates that while the WS* radius formula successfully
captures the overall trend of charge radius evolution in
the Ca isotope chain, including the characteristic inflec-
tion point at neutron magic number N =28, it exhibits
notable limitations in reproducing the odd-even stagger-
ing phenomenon. Notably, the WS* radius formula com-
bine RBFIr approach hybrid configuration shows signific-
antly improved agreement with experimental odd-even
patterns. Figure 5(a) particularly highlights the cases of
3Ca and *'Ca, where the WS* radius formula predict a
pronounced inflection point at N = 32. However, this arti-
ficial feature is conspicuously absent in the WS* radius
formula combine RBFIr approach predictions, suggesting
that the latter method provides a more physically realistic
description of nuclear charge radii evolution in this re-
gion based on the trend of charge radii for the K isotope
chain [3]. Figure 5(b) demonstrates the variation of the
charge radii along the Pb isotope chain as a function of
neutron number. The inflection point phenomenon, which
is attributed to neutron magic number N =126, 1is suc-
cessfully captured by both the WS* radius formula and its
combined RBFIr approach. However, the predictions de-
rived from the integration of the WS* radius formula with
the RBFIr approach exhibit superior agreement with the
experimental data for the Pb isotope chain.

IV. SUMMARY

The deviations between the predicted and experiment-
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(color online) Trend of charge radii of the Ca and Pb isotope chains with neutron number. Squares represent the experimental

values, and vertical lines represent error bars. The solid lines and triangles represent the prediction results of the WS* radius formula

and its combination with the RBFIr approach, respectively.

al values of nuclear charge radii were systematically ana-
lyzed based on the WS* radius formula and HFB25 mod-
el. The linear relationship of the charge radius deviations
between nuclei (Z,N) and (Z, N-2) was found. The
RBFIr approach, which combines an RBF approach with
a linear relationship, was proposed to enhance the pre-
dictive accuracy of nuclear charge radii. The RBFIr ap-
proach exhibited significant advantages over the conven-
tional RBF approach in enhancing the prediction accur-
acy of the WS* radius formula and HFB25 model. The
integration of the WS* radius formula with the RBFIr ap-
proach demonstrated remarkable predictive performance,
achieved an rms deviation of merely 0.008 fm between
theoretical predictions and experimental measurements
for 855 atomic nuclei. The prediction accuracy of the new
results was 61.9% higher than that of the WS* radius for-
mula's predictions. Similarly, the HFB25 model com-
bined with the RBFIr approach showed an rms deviation
of the charge radii of 855 nuclei decreasing from 0.025
fm to 0.013 fm, improving by 48.0%.

For the extrapolation prediction of nuclear charge
radii, the RBFIr approach also has significant advantages
over the RBF approach. The rms deviation for extrapolat-
ing the charge radii of nuclei in the neutron-rich region
with the WS* radius formula combined with the RBFIr

approach can reach 0.015 fm. The charge radii for 1326
nuclei were predicted based on the WS* radius formula
combined with the RBFIr approach, including 331 nuclei
for which experimental data are currently unavailable.
For the remaining 995 nuclei with available experimental
measurements, the WS* radius formula combined with
the RBFIr approach achieved an exceptional rms devi-
ation of merely 0.007 fm, and the charge radii of the cal-
cium isotope chain were well described.

This linear relationship transcends mere empirical
regularity, it may have captured the collective or higher-
order term effects of isospin on the nuclear charge radius,
which goes beyond the simple isospin correction term
already present in the WS* radius formula. By combin-
ing this relationship with machine learning approaches, it
is possible to achieve a fusion of physical mechanisms
and data-driven approaches, which could potentially be-
come a typical practice of guiding machine learning ap-
proaches by physics in nuclear physics.

DATA AVAILABILITY STATEMENT

The nuclear charge radius tables with the WS* radi-
us formula combined with RBFIr approach are available
from www.imgmd.com/mass/Rch_RBFlr.txt.
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