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Shell correction dependence of potential depth in an a-decay cluster model
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The depth of nuclear potential for o decay is systematically investigated using 178 measured «-decay half-
lives of even-even nuclei. We find that, by considering the shell effect in the depth of the potential, the results
can be significantly improved. The root-mean-square deviation across the 178 data points is reduced from 0.278
to 0.188 by introducing a new formula that accounts for the shell correction dependence of potential depth. The
a-decay half-lives for unknown nuclei with charge numbers Z = 118 and 120 are predicted with the proposed

formula.
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I. INTRODUCTION

o decay is a primary mode of radioactive decay for heavy
nuclei, providing valuable insights into nuclear structures. It
plays a crucial role in the experimental identification of new
nuclides and elements, especially for heavy and superheavy
nuclei. Since the discovery of « decay, numerous physicists
have worked to explain this phenomenon. The pioneering
law that established a correlation between half-lives and Q
values for the systematic study of « decay was formulated by
Geiger and Nuttall [1]. They observed that plotting log;, 77
against 1/4/Q empirically yields a linear relationship for iso-
topes. Here, Q represents the total energy released in « decay.
The phenomenon of « decay was explained by Gamow [2]
and independently by Gurney and Condon [3] as a quantum
tunneling process, which is the first application of quantum
mechanics in subatomic systems. Since then, various new
theoretical models [4-14] were proposed to better under-
stand « decay, but the legacy of the Gamow model remains
evident.

The systematics of o decay changes abruptly around neu-
tron closure N = 126, showing distinct linear relationships
in Geiger-Nuttall plots for N < 126 and N > 126. This be-
havior reflects the shell structure effects on half-life, as
confirmed by various studies [15-17]. Buck, Merchant, and
Perez (BMP) proposed a simple square-well cluster model,
known as the BMP model. This model posits that the decay
nucleus consists of an “«-core” system with the o particle
moving in two distinct orbits around the core. The BMP
model effectively reproduces experimental «-decay half-lives
for even-even nuclei in the heavy mass region using only
three fixed parameters: the global quantum number (G), the
a-particle preformation probability (P,), and the potential
depth (V). The discontinuity in Geiger-Nuttall plots at
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N =126 is interpreted as the « cluster occupying different
orbits with G = 22 for N < 126 or 24 for N > 126.

In the BMP model, different o emitters are assumed to
have the same potential depth, Vy = 134 MeV [16], which
is a rough approximation of the actual effective potential.
Theoretical studies have indicated that the potential depth
can provide valuable information about nuclear structure and
usually varies between different nuclei [18,19]. Even across
different methods, the potential depth varies significantly,
ranging from 100 MeV [20] to 1100 MeV [21]. In Ref. [22],
an improved square-well cluster model is proposed by taking
into consideration that the potential depth (V) depends on
the mass number (A) and the charge number (Z) of the parent
nucleus. In this model, more theoretical data points align with
experimental data within a factor of 1.5, compared to a factor
of 2 in the BMP model. On the other hand, the shell effect is
indispensable for the theoretical model or empirical formulas
to accurately reproduce the systematics of «-decay half-lives.
Although the o-decay half-life is primarily determined by
the Q value, and a main part of the strong shell effect is
already included in the Q value, we found that shell effects
are still not considered enough (see Fig. 1), especially near
the magic number N = 126. This issue persists even with dif-
ferent quantum numbers G used in the BMP model according
to the Wildermuth condition [16,17]. In Ref. [23], the shell
correction is considered for an accurate description of o decay
within the generalized liquid drop model, and the shell correc-
tion remarkably reduces the deviation between theoretical and
experimental half-lives of o decay around the neutron shell
closure N = 126. Therefore, it is crucial to further consider
the nuclear shell structure effect.

Inspired by Refs. [22,23], in order to address the afore-
mentioned problems, it is intriguing to establish a correlation
between the potential depth Vyy and the shell correction energy
Eg of the o emitter. In this work, we attempt to propose
a new formula for potential depth by fitting the extracted
“experimental” values, considering the shell correction within
the BMP model. This approach is referred to as the improved
BMP (ImBMP) model.

©2024 American Physical Society
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FIG. 1. Absolute value of logarithms of the ratios between theo-
retical a-decay half-lives and experimental ones for the even-even Po
isotopic chain with the BMP model (open squares) and with Eq. (12)
(solid circles) for Vy in the InBMP model.

II. THEORETICAL FRAMEWORK
A. Buck-Merchant-Perez (BMP) model

The nuclear potential for an « particle inside a nucleus is
a key concept for investigating «-decay half-lives of nuclei
in the cluster model. Buck et al. employed various poten-
tial forms—including a square-well [16], a cosh [24], and
a mixed Woods-Saxon potential [25]—and achieved similar
results in evaluating measured o-decay half-lives. However,
the square-well potential is the simplest approach. Since our
focus is on exploring the effects of nuclear shell corrections
on the nuclear potential, we use the square-well potential
for the « particle due to its simplicity. The square-well po-
tential assumes that nuclei have well-defined boundaries, as
postulated in the liquid drop model. By assuming a uniform
density, the «-core effective potential V () is defined as the
sum of the Coulomb potential and the nuclear square-well
potential,

Vo= — c R
V(r) _ 0 VN + R (I" < )7 (1)
C/r (r>R),

where the product of charges C = ZoZ4€%, and Z, and Z, are
the proton numbers of the « particle and the daughter nucleus,
respectively. In the Gamow model, the potential V(r) = —V;
is constant. In contrast, the BMP model allows the potential to
vary by including the surface Coulomb potential. This leads to
more accurate results in the BMP model than in the Gamow
model. The radius R and the depth Vi of square-well potential
are related by the Bohr-Sommerfeld quantization condition.
For an L = 0 « particle with global quantum number G and a
corresponding Q value, the result is

R o b4
/ “2I0 - V(ldr = = (G + 1), 2)
o VI 2

where = AgAqu/(Ay + Ag) is the reduced mass of the a-
daughter system, and A, and A, are the atomic mass numbers

of « particle and the daughter nucleus, respectively. Here,
u = 931.494 MeV/c? is the atomic mass unit and ¢ = 3.0 x
10> fm/s is the speed of light. The experimental Q val-
ues used in the present calculations are sourced from the
AME2020 mass table [26]. For unmeasured Q values, we
use the Weizsidcker—Skyrme 4 (WS4) mass table [27]. Many
references [14,28,29] confirm the accuracy of the WS4 mass
model in reproducing the experimental Q values for various
decay modes.

The square-well radius R is determined by solv-
ing the system formed by combining Egs. (1) and (2)
as follows:

C+/C+4Q + V) E[5(G + D]
B 200+ Vi) '

R

3

The radius R is a crucial ingredient in the expression for the
decay width I', which is given in the semiclassical approxi-
mation [30] by

P2K [ c/Q }
=2 _—exp —2/ k(rydr |. 4
R

2UuR
Here, P, represents the «-particle preformation probability,

while K and k(r) are the wave numbers in the internal and
barrier regions, respectively,

2 C 1/2
K=[h—‘j<Q+VN—E)} , )

2u(C 1/2
=[5 ()] ©

The relationship between the half-life and decay width in
o decay is given by

Fln2  2uRIn2 c/e
Ty = = "exp|2 k(rydr|.  (7)
R

r K P,

Given the integral conditions Q >0 and & >R >0 in
Eq. (7), the action integral can be analytically derived as
follows:

c/Q 2u C
( /QR> OR <QR>2
X | arccos —_— ] — — — | —
C C C

(®)

By inserting the action integral Eq. (8) into Eq. (7) and taking
the decimal logarithm, we can analytically obtain decay for-
mula in accordance with the form of the Geiger-Nuttall Law
as in Ref. [31],

logy Tijp = a+bQ~ "2, )
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where a and b are decay parameters as follows:

1 4uR2In2
= 10 |,
a="%0\ P IrG+ 1)

2
b= 2,/h—’2‘01og10(e)
2
X | arccos (,/%) — % — (%) . an

B. Shell correction dependence of potential depth

(10)

Figure 1 presents the absolute value of A(log,,71/,) for
the even-even Po isotopic chain. The open squares repre-
sent the BMP model results with Vy = 134 MeV, while the
solid circles correspond to the InBMP model results, calcu-
lated using Eq. (12). Here, A(log,( T12) = loglo(Tlc/azl/Tle/’;pl)
represents the logarithms of the ratios between theoretical
and experimental «-decay half-lives. As shown in Fig. 1, a
dramatic deviation in A(log;q T7,2) occurs around the magic
number N = 126 on the even-even Po isotopic chain using
the BMP model. In contrast, values calculated using Eq. (12)
show much better agreement with the experimental data at
N = 126. This trend is also observed for other isotopic chains
across the neutron magic number 126. The systematic varia-
tion seems linked to the corresponding shell structures, which
implies that considering the potential depth including shell
correction could be helpful for a better description of the
half-lives of « decay.

In this work, our goal is to propose a straightforward for-
mula for the potential depth Vyy, that depends on the properties
of the individual o emitter based on the BMP model. First, the
“experimental” potential depth V" " can be extracted using
Eq. (3) along with Egs. (9)-(11), based on the measured
half-life of Tle/xzpt by the enumeration method. This calcula-
tion assumes a constant «-particle preformation probability
P, =1, as used in the BMP model. For this analysis, 178
measured half-lives of even-even nuclei with atomic numbers
Z ranging from 60 to 118 were utilized. These nuclei were
selected based on an error margin within 30% from the data
listed for even-even nuclei in the NUBASE2020 database
[32]. Detailed information on the potential depths and widths,
shell correction energies, Q values, and both theoretical and
experimental half-lives of o decay for 178 even-even nuclei
are listed in Table 1. These data help determine the potential
depths characterizing «-core interactions within parent nuclei.
We demonstrate that this potential depth can reliably predict
the «-decay half-lives of unmeasured nuclei. To construct
the Vy formula, we begin by plotting the experimental depth
Vo™ against the mass number A of parent nuclei, as shown
in Fig. 2. The open squares represent the extracted potential
depths V"™ (listed in column 4 of Table I) derived from the
measured «-decay half-lives of 178 even-even nuclei. The
average value of the open squares is approximately 134 MeV,
marked by a dashed line, which matches the value used in
the BMP model [16]. Figure 2 shows that the experimental
potential depth V"™ is not constant but varies depending on
the structure of different « emitters. For the open squares,
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FIG. 2. Values of Vy as a function of mass numbers of parent
nuclei. The open squares denote the extracted potential depths Vg™
from the measured «-decay half-lives of 178 even-even nuclei. The
solid circles denote the calculation results with Eq. (12). The average
value of the open squares equals approximately to 134 MeV marked
with a dashed line.

V™ initially tends to decrease, exhibiting fluctuations with
increasing mass number. However, it increases abruptly at
the N = 126 shell closure (reaching a maximum value of
154.741 MeV for 2'°Pb), and then subsequently drops to
around 134 MeV, continuing to fluctuate thereafter. It is found
that the shell effect plays a crucial role for some nuclei, par-
ticularly around the neutron magic number 126. Although we
cannot account for the unique properties of each individual
nucleus, we can consider the shell correction energy Eg, of
the parent nucleus. The shell correction energy Eg, can be
derived from some mass tables or calculated as the difference
between experimental and macroscopic binding energies of
the nucleus.

Next, we explore various combinations of mass number
A, charge number Z, isospin asymmetry I = (N — Z)/A, and
shell correction Eg,. Our goal is to develop a new formula
for the potential depth Vy, applicable to different o emitters.
We propose a new formula for Vy, which relates the poten-
tial depth to shell correction energy, based on a fit to the
extracted experimental values V' ' (see Fig. 2). To ensure
high-accuracy calculations with minimal parameters, we find
that Eq. (12) closely matches the experimental values Vy'™
extracted from experimental «-decay half-lives:

fit _ 2 AZ
VN =co+ | c1A” + A + C3E5h6 G, (12)

where the coefficients cg = 211 MeV, ¢; = 0.0203 MeV, ¢, =
—13.1878 MeV, and c¢3 = 0.0095 MeV are obtained from a
least-squares fit to the experimental potential depths V;’xm of
178 data points. In Eq. (12), the last term, E,AZ/Q, is a
dimensionless quantity that indicates the proportion of shell
correction energy relative to the total decay energy for the
given nucleus (A, Z). A larger value of this ratio corresponds
to a deeper potential well, which may increase the diffi-
culty of penetrating the potential barrier during the o decay
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TABLE I. Comparison of the experimental data for a-decay nuclei with calculated results. The Q values are taken from AME2020 [26], the
shell correction energies E, are calculated using Eq. (13), and V™ and Vit are the extracted “experimental” potential depths and their fitting
values. RV and R® are the calculated radii of square wells with Eq. (3) based on V"™ and V;*. The experimental a-decay half-lives log,, T;’;pl
are taken from NUBASE2020 [32], and log,, 7\ and log,, T/%"" are the logarithms of half-lives calculated with and without considering shell
corrections, respectively.

0 Ey Ve Vi R® RO logT?  logTH®  logT;
o emitter (MeV) MeV) MeV) (MeV) (fm) (fm) (s) (s) (s)
14Nd 1.901 1.715 135.765 147.199 7.771 7.442 22.859 22.774 23.372
1468 m 2.529 1.125 139.097 144.919 7.673 7.507 15.332 15.091 15.592
148Sm 1.987 —0.049 136.888 142.437 7.754 7.591 23.298 23.157 23.556
Gd 3.271 0.857 142.744 143.599 7.567 7.543 9.352 8.947 9.389
150Gd 2.807 —0.403 140.238 141.294 7.651 7.620 13.752 13.455 13.800
50Dy 4351 0.611 144.361 142.483 7.512 7.564 3.107 2.638 3.024
152Gq 2.204 —1.349 137.205 138.687 7.758 7.713 21.532 21.373 21.602
12py 3.727 —0.575 139.489 140.581 7.667 7.635 6.930 6.670 6.979
125 4.934 0.710 142.673 141.884 7.563 7.585 1.057 0.660 1.021
154Dy 2.945 —1.418 143.961 138.510 7.560 7.717 13.976 13.501 13.721
I54Er 4.280 —0.416 144.007 140.175 7.542 7.651 4.677 4211 4.503
34y 5.474 1.140 143.309 141.577 7.550 7.599 —0.355 —0.782 —0.433
156gy 3.481 —1.141 135.733 138.493 7.806 7.723 9.989 9.902 10.122
136yp 4.810 0.041 135.249 140.026 7.803 7.661 2.408 2.346 2.633
156 f 6.026 2.116 142.863 141.680 7.567 7.600 —1.638 —2.047 —1.692
IS8t 4.170 —0.742 145.589 138.523 7.521 7.723 6.6291 6.078 6.300
138y 5.405 0.756 140.380 140.051 7.654 7.663 0.808 0.503 0.792
158Yb 6.613 3.109 142.675 141.729 7.576 7.603 —2.845 —3.247 —2.888
160yf 4.902 —0.125 140.975 138.631 7.650 7.719 3.276 2.938 3.164
160y 6.066 1.877 140.195 140.331 7.661 7.657 —0.989 —1.285 —0.984
162f 4416 —0.722 133.807 137.334 7.879 7.771 5.687 5.696 5.862
162y 5.678 0.647 136.655 138.740 7.776 7.713 0.420 0.289 0.519
1620g 6.768 2.732 138.888 140.288 7.699 7.658 —2.678 —2913 —2.614
164yy 5.278 —0.107 136.337 137.452 7.796 7.763 2218 2.101 2272
1640g 6.479 1.777 139.243 139.026 7.696 7.702 —1.662 —1.916 —1.673
166yy 4.856 —0.550 143.699 136.371 7.592 7.807 4.738 4.263 4.383
16605 6.143 0.638 135.413 137.532 7.819 7.755 —0.593 —0.664 —0.490
166pg 7.292 2.349 138.488 138.761 7.715 7.707 —3.532 —3.749 —3.520
168y 4.501 —0.801 131.594 135.437 7.967 7.846 6.200 6.325 6.398
168(yg 5.816 —0.044 134.399 136.346 7.860 7.800 0.685 0.664 0.781
168pg 6.990 1.715 136.098 137.768 7.794 7.744 —2.695 —2.799 —2.615
171005 5.537 —0.488 133.861 135.325 7.884 7.839 1.889 1.895 1.962
170p¢ 6.707 0.623 133.791 136.343 7.873 7.794 —1.856 —1.847 —1.730
17205 5.224 —0.696 130.338 134.499 8.006 7.873 3.207 3.398 3.424
172pg 6.463 —0.067 133.530 135.188 7.887 7.836 —0.994 —0.971 —0.911
12Hg 7.524 1.666 134.173 136.556 7.857 7.785 —3.636 —3.646 —3.520
17405 4.871 —0.664 133.580 133.913 7.912 7.901 5.251 5.272 5.267
174pg 6.183 —0.492 133.218 134.224 7.905 7.874 0.061 0.100 0.111
174Hg 7.233 0.642 135.042 135.219 7.839 7.833 —2.699 —2.752 —2.691
176pg 5.885 —0.685 131.465 133.450 7.969 7.906 1.197 1.328 1.300
76Hg 6.897 0.051 133.885 134.181 7.884 7.874 —1.651 —1.646 —1.637
178pg 5.573 —0.642 128.439 132.905 8.078 7.932 2.428 2.724 2.667
8Hg 6.577 —0.316 133.649 133.298 7.900 7.911 —0.526 —0.509 —0.545
178pp 7.789 0.632 134.692 134.101 7.853 7.871 —3.602 —3.638 —3.633
180y 2.515 1.034 140.820 135.408 7.737 7.903 25.701 25.335 25.413
180pg 5.276 —0.424 131.260 132.571 7.994 7.952 4.028 4.173 4.097
180Hg 6.259 —0.470 134.318 132.590 7.888 7.943 0.730 0.713 0.639
180pp 7.419 0.179 136.736 133.208 7.801 7.910 —2.387 —2.526 —2.567
182pg 4.951 —0.149 128.673 132.343 8.089 7.969 5.623 5912 5.824
182Hg 5.996 —0.426 135.736 132.082 7.852 7.967 1.892 1.801 1.699
182pp, 7.066 —0.089 136.295 132.445 7.824 7.944 —1.260 —1.379 —1.459
184pg 4.599 0.285 129.581 132.386 8.070 7.978 7.768 8.010 7.922
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TABLE 1. (Continued.)

0 Eq Ve V)l R R® log T, log T{H™ log 7,5
o emitter (MeV) MeV) (MeV) (MeV) (fm) (fm) (s) (s) (s)
184Hg 5.660 —0.171 136.597 131.813 7.835 7.985 3.442 3.305 3.188
184pp 6.774 —0.202 136.760 131.811 7.818 7.973 —0.213 —0.356 —0.472
1860g 2.821 1.919 136.071 135.619 7.893 7.907 22.800 22.685 22.774
186p¢ 4.320 0.802 131.585 132.646 8.012 7.977 9.728 9.860 9.786
186Hg 5.204 0.253 136.142 131.799 7.862 8.000 5.701 5.586 5.466
136pp 6.471 —0.134 139.626 131.353 7.741 7.996 1.072 0.782 0.640
186pg 8.501 —0.733 141.165 130.910 7.659 7.968 —4.469 —4.820 —4.978
188pg 4.007 1.455 140.745 133.268 7.736 7.967 12.528 12.169 12.128
188Hg 4.709 0.860 139.156 132.162 7.784 8.003 8.722 8.446 8.344
188pp 6.109 0.201 138.011 131.199 7.799 8.012 2.468 2.257 2.105
188po 8.082 —0.680 136.511 130.411 7.807 7.997 —3.569 —3.697 —3.883
190py¢ 3.269 2.322 139.053 135.004 7.808 7.934 19.183 18.905 18.961
190pp, 5.698 0.746 136.530 131.358 7.856 8.020 4.245 4.109 3.964
190pg 7.693 —0.482 133.100 130.052 7.923 8.021 —2.611 —2.565 —2.773
192pp, 5.222 1.539 134.180 131.982 7.943 8.014 6.546 6.535 6.423
192pg 7.320 —0.050 132.038 129.941 7.968 8.036 —1.492 —1.389 —1.606
194pp 4.738 2.565 144.470 133.203 7.647 7.989 9.944 9.386 9.341
1%4po 6.987 0.559 131.136 130.063 8.007 8.042 —0.407 —0.254 —0.467
1%Rn 7.862 —0.421 119.556 129.120 8.403 8.068 —3.108 —2.297 —2.560
196po 6.658 1.384 130.659 130.496 8.032 8.038 0.775 0.956 0.765
19%Rn 7.617 —0.001 120.067 129.025 8.392 8.078 —2.328 —1.541 —1.811
19%8po 6.310 2.469 132.557 131.351 7.981 8.020 2.266 2.344 2.198
1%Rn 7.349 0.579 125.104 129.132 8.220 8.083 —1.163 —0.669 —0.935
200pg 5.982 3.662 134.437 132.510 7.931 7.993 3.793 3.768 3.686
200Rn 7.043 1.440 128.172 129.603 8.124 8.077 0.070 0.392 0.150
202pg 5.701 5.070 134.926 134.119 7.924 7.949 5.143 5.091 5.098
202Rn 6.774 2.489 128.643 130.379 8.117 8.059 1.09 1.388 1.187
202Ra 7.880 0.661 119.764 128.277 8.417 8.116 —2.387 —1.572 —1.887
204pg 5.485 6.520 135.689 135.939 7.906 7.898 6.275 6.181 6.288
204Rn 6.547 3.632 129.215 131.369 8.105 8.033 2.012 2.279 2.133
204Ra 7.637 1.477 126.546 128.680 8.182 8.110 —1.222 —0.806 —1.101
206pg 5.327 8.041 136.175 137.968 7.895 7.840 7.144 7.023 7.240
206Rn 6.384 4.875 130.165 132.559 8.078 7.999 2.737 2.951 2.871
200Ra 7.415 2.468 124.331 129.339 8.266 8.094 —0.62 —0.071 —0.330
208pg 5.216 9.622 139.879 140.160 7.784 7.776 7.961 7.639 7.975
208Rn 6.261 6.144 132.006 133.856 8.020 7.961 3.367 3.477 3.469
208Ra 7.273 3.453 128.355 130.048 8.132 8.075 0.104 0.420 0.200
208Th 8.200 1.540 119.260 127.825 8.447 8.142 —2.62 —1.766 —2.110
210py 5.408 10.982 142.981 141.276 7.687 7.737 7.078 6.596 6.989
20Rn 6.159 7.450 134.471 135.272 7.944 7.919 3.954 3.927 3.997
210Ra 7.151 4.545 129.485 130.934 8.097 8.049 0.602 0.854 0.683
210y 8.069 2.384 126.457 128.287 8.193 8.130 —1.796 —1.372 —1.691
22Rn 6.385 8.462 137.657 135.849 7.837 7.893 3.157 2.958 3.059
212Th 7.958 3.204 125.711 128.770 8.222 8.117 —1.499 —1.030 —1.322
2l4Ra 7.273 6.364 133.208 132.138 7.970 8.005 0.387 0.429 0.327
214y 7.827 4.116 126.178 129.409 8.209 8.100 —1.06 —0.617 —0.874
216 8.072 4.654 130.230 129.470 8.064 8.089 —1.58 —1.372 —1.624
216y 8.531 2.948 130.579 127.605 8.061 8.160 —2.161 —-1.972 —2.332
U3y 8.775 3.342 120.040 127.540 8.419 8.153 —3.451 —2.644 —3.005
210pp 3.792 11.360 154.741 153.293 7.962 8.002 16.567 15.451 16.494
212pg 8.954 8.882 141.165 139.553 8.225 8.274 —6.531 —6.882 —6.609
2l4pg 7.834 7.048 137.406 138.588 8.376 8.338 —3.786 —3.963 —3.727
2l4Rn 9.208 6.681 138.315 137.478 8.326 8.352 —6.587 —6.804 —6.629
216pg 6.906 5.417 136.343 137.455 8.440 8.404 —0.842 —0.969 —0.784
215Rn 8.198 5.260 128.807 136.544 8.674 8.413 —4.538 —4.258 —4.125
215Ra 9.526 4817 136.037 135.635 8.409 8.422 —6.764 —6.869 —6.785
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TABLE 1. (Continued.)

0 Eq Ve Vi R R® log 7,7 log T{H™ log 7%
o emitter (MeV) MeV) (MeV) (MeV) (fm) (fm) (s) (s) (s)
218pg 6.115 4.015 136.148 136.222 8.471 8.469 2.269 2.150 2272
218Rn 7.263 4.010 132.529 135.563 8.577 8.475 —1.472 —1.392 —1.307
218Ra 8.540 3.681 131.811 134.743 8.581 8.483 —4.587 —4.470 —4.431
28Th 9.849 3.317 134.450 134.089 8.471 8.483 —6.914 —6.938 —6.934
220Rn 6.405 2.885 132.655 134.487 8.601 8.539 1.745 1.820 1.847
220Ra 7.594 2.874 133.123 134.016 8.568 8.538 —1.742 —1.694 —1.694
20y 8.973 2.331 132.227 133.156 8.574 8.543 —4.991 —4.896 —4.942
22Rn 5.590 1.933 132.911 133.380 8.620 8.604 5.519 5.581 5.545
222Ra 6.678 2.201 132.907 133.316 8.606 8.592 1.526 1.587 1.548
22Ty 8.133 1.745 133.088 132.469 8.573 8.594 —2.65 —2.600 —2.686
22y 9.480 1.263 136.496 131.853 8.438 8.592 —5.328 —5.462 —5.579
22%Ra 5.789 1.617 133.156 132.606 8.627 8.646 5.497 5.546 5.464
24T 7.299 1.430 132.566 131.993 8.618 8.638 0.017 0.098 —0.017
24y 8.628 0.826 131.955 131.215 8.617 8.642 —3.402 —3.289 —3.445
226Ra 4.871 1.259 132.572 132.125 8.679 8.695 10.703 10.789 10.675
226Th 6.453 1.276 131.751 131.685 8.676 8.678 3.265 3.397 3.260
26y 7.701 0.842 132.487 130.997 8.630 8.682 —0.57 —0.484 —0.658
228Th 5.520 1.308 131.383 131.687 8.721 8.710 7.781 7.939 7.799
2y 6.800 1.138 132.734 131.154 8.652 8.707 2.748 2.822 2.652
20Th 4.770 1.345 130.839 131.747 8.767 8.734 12.376 12.572 12.432
B0y 5.993 1.462 130.757 131.483 8.749 8.724 6.243 6.441 6.287
20py 7.178 1.097 131.328 130.751 8.710 8.731 2.021 2.180 1.985
22Th 4.082 1.409 129.252 131.972 8.850 8.750 17.645 17.949 17.821
22y 5.414 1.746 130.548 131.844 8.777 8.731 9.337 9.551 9.418
232py 6.716 1.545 133.446 131.109 8.652 8.734 4.005 4.037 3.862
24y 4.858 2.010 131.070 132.332 8.778 8.733 12.889 13.074 12.969
24py 6.310 1.972 131.970 131.531 8.717 8.733 5.723 5.847 5.695
24Cm 7.365 1.776 133.763 130.958 8.641 8.739 2.285 2.298 2.113
Béy 4.573 2.042 129.839 132.340 8.833 8.742 14.869 15.135 15.030
236py 5.867 2.375 132.558 132.058 8.712 8.729 7.955 8.043 7.923
26Cm 7.067 2216 132.317 131.320 8.701 8.736 3.351 3.453 3.289
28y 4.270 2.003 127.742 132.272 8.922 8.755 17.149 17.558 17.447
28py 5.593 2.611 132.431 132.339 8.725 8.728 9.442 9.539 9.435
28Cm 6.670 2.746 137.263 131.931 8.545 8.728 5.314 5.116 4.988
28t 8.130 1.966 126.027 130.448 8.914 8.752 —0.076 0.416 0.201
240py 5.256 2.629 130.416 132.381 8.809 8.738 11.316 11.544 11.441
20Cm 6.398 3.127 135.095 132.371 8.627 8.722 6.419 6.351 6.249
e 7.711 2.853 130.199 131.364 8.776 8.734 1.612 1.844 1.683
22py 4.984 2.546 130.226 132.232 8.826 8.753 13.073 13.315 13.202
22Cm 6.216 3.209 132.745 132.379 8.714 8.727 7.148 7.225 7.124
et 7.517 3.289 133.710 131.742 8.658 8.727 2.534 2.551 2412
244py 4.666 2.461 131.254 132.144 8.799 8.767 15.41 15.587 15.467
24Cm 5.902 3.257 132.807 132.471 8.723 8.735 8.757 8.831 8.735
et 7.329 3.541 132.786 131.930 8.697 8.727 3.190 3.264 3.136
24Fm 8.550 2.966 128.447 130.714 8.831 8.750 —0.506 —0.166 —0.366
#6Cm 5.475 3.273 132.873 132.670 8.735 8.742 11.172 11.243 11.158
Mot 6.862 3.801 133.097 132.371 8.701 8.727 5.109 5.164 5.063
240Fm 8.379 3.590 131.474 131.262 8.728 8.736 0.218 0.371 0.204
28Cm 5.162 3.159 131.998 132.588 8.777 8.756 13.079 13.208 13.116
Mt 6.361 4.024 134.204 132.904 8.680 8.725 7.460 7.446 7.377
28Fm 7.995 3.923 132.312 131.643 8.712 8.736 1.538 1.641 1.495
20t 6.129 3.986 134.181 132.869 8.688 8.734 8.616 8.604 8.532
20Fm 7.557 4.335 134.888 132.243 8.637 8.729 3.270 3.214 3.105
220 6.217 3.459 130.473 131.758 8.817 8.770 7.935 8.161 8.017
22Fm 7.154 4.655 136.627 132.804 8.591 8.723 4.961 4.798 4.723
22No 8.549 4374 133.755 131.526 8.665 8.742 0.562 0.576 0.423
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TABLE 1. (Continued.)

0 Eq Ve V)l R R® log T, log T3 log %
o emitter (MeV) MeV) (MeV) (MeV) (fm) (fm) (s) (s) (s)
Bict 5.927 2.996 127.172 131.060 8.950 8.805 9.224 9.672 9.482
24Fm 7.307 4.147 132.123 131.783 8.741 8.753 4.067 4.184 4.044
2%No 8.226 4.809 136.094 132.070 8.595 8.734 1.755 1.626 1.506
20Fm 7.025 3.618 129.680 131.063 8.839 8.789 5.064 5.339 5.153
26No 8.582 4.478 133.802 131.236 8.661 8.751 0.466 0.477 0.307
26Rf 8.926 5.029 137.012 131.778 8.563 8.742 0.327 0.144 0.006
28RS 9.196 4912 134.787 131.287 8.629 8.750 —0.595 —0.644 —0.811
2008 9.901 5.331 135.815 131.266 8.592 8.748 —1.772 —1.882 —2.050
260 10.346 5.394 133.058 130.698 8.692 8.775 —2.409 —2.352 —2.556
20Hs 9.070 6.391 131.088 132.510 8.805 8.755 0.954 1.139 1.045
20pDg 11.117 5.365 131.453 130.063 8.743 8.792 —3.688 —3.533 —3.775
286p] 10.360 6.502 130.871 131.224 8.834 8.821 —0.658 —0.456 —0.636
28E] 10.076 6.731 126.671 131.677 8.999 8.815 —0.185 0.303 0.151
240g 11.870 7.380 128.698 131.197 8.904 8.814 —3.155 —2.812 —2.992

process, thereby making the nucleus more stable. Conversely,
a smaller ratio implies a shallower potential well, increasing
the likelihood of the nucleus undergoing decay. The quantum
numbers G =22 for N < 126 and G = 24 for N > 126 are
adopted, consistent with G values used in Ref. [16]. The
shell correction energy Eg, (which includes the pairing term
and other residual interaction terms) for the parent nucleus is
listed in column 3 of Table I. It is estimated by the difference
between the experimental binding energy B and the macro-
scopic binding energy B,, of the nucleus,

Exw(A, Z) =Bexpt(A9 Z) — Bu(A, Z). (13)

The smooth liquid-drop energy of a spherical nucleus B, is
described by a modified Bethe-Weizsidcker mass formula [27],

Z2

—2/3
S (1=076272F)

Bn(A,Z) = a,A — a,A*? — a,

_asymIZAfsv (14)

where the symmetry energy coefficient of nuclei is expressed
as dgym = Csym(1 — 515 + & 5;—}5") and the correction factor

for the symmetry energy is expressed as f; = 1 + k,eA!/3
due to the surface diffuseness. Here, € = (I — Ip)? — I* de-
notes the correction factor to the constant surface diffuseness
of the Woods—Saxon potential and Iy = 0.4A/(A + 200) de-
notes the isospin asymmetry of the nuclei along the S-stability
line described by Green’s formula. Here the coefficients are
a, = 15.5181 MeV, a;, = 17.4090 MeV, a. = 0.7092 MeV,
Csym = 30.1594 MeV, k = 1.5189, & =1.2230, and «; =
0.1536. Figure 2 presents a comparison between the ex-
tracted experimental potential depths Vy*™ (open squares)
and the calculated values V,\‘;“ (solid circles) using Eq. (12).
The Pearson correlation coefficient for this comparison is
r = 0.75. In addition, the calculated half-lives using Eq. (12)
are compared with the results of the BMP model with
Vy = 134 MeV. We found that this approach significantly
reduces the root-mean-square (rms) deviation between the-
oretical and experimental «-decay half-lives from 0.278 to
0.188, resulting in a 32% improvement. The rms deviation

is calculated as rms = \/ZZZ? [log,g (Tlf’/"zpt”/Tlc/a‘zl’i)]2/l78.
These results illustrate that the potential depth Vy, when
expressed as a function of fundamental physical quantities—
such as mass number A, charge number Z, shell correction
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8.8
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FIG. 3. Comparison of the calculated values of R with three dif-
ferent potential depths: (a) the extracted depth V"™ (open squares),
Vit (solid circles), and Vy = 134 MeV (open triangles); (b) the same
as in Fig. 3(a) but for the reduced radius ro = R/(AL/3 + All/ 3.

o
=

064313-7



TIAN, REN, MA, LI, AND WANG

PHYSICAL REVIEW C 110, 064313 (2024)

1.2 LR T T T T[rrryrrryrrryrrey L LN T T rrryrrryrrryror— 1.2
Lo k() [ -0 Tog,, (/1550 [T (b) | —&— Tog, (tPB"/1550 1 1 ¢
—~ 0.8 T 710.8
L oep-------fifq----------= 10.6
0.4 | 1 0.4
0.2 g—o 10.2
e 0.0 [ a 0.0
= 1_
%0 0.2 [ ] 0.2
S 0. 1-0.4
S 06pF-P---- g 1 1-0.6
-0.8 T -1 -0.8
-1.0 T 4-1.0
712' 1 1. L. I BT PR PP O 1 1 1 1 1 1 1 '712
140 160 300 160

180 200 220 240 260 280
A

180 200 21%‘0 240 260 280 300

FIG. 4. Comparison of the logarithmic deviation of half-lives calculated by the BMP model (a), and by the improved BMP model using

VIt (b) versus the mass numbers of « emitters.

energy Eg,, and Q value—can effectively capture structural
effects within parent nuclei.

III. THE RESULTS AND DISCUSSIONS

The square-well radius R is another key physical quantity
in our analysis. Buck, Merchant, and Perez [16,17] argued
that the square-well radius should not be determined from the
charge radius. Instead, it should be derived from the Bohr-
Sommerfeld condition for an a-particle wave function inside
the nucleus, accounting for a fixed potential depth and number
of nodes. Using this method, we calculated the radii RV, R,
and R from Eq. (3) using three different potential depths of
V;xm, Vit and Vy = 134 MeV. The quantum number G is set
to 22 for N < 126 and 24 for N > 126. The values R™" and
R® are listed in column 6 and column 7 of Table I. The open
squares, solid circles and open triangles denote the calculated
R values based on the three different potential depths, as
shown in Fig. 3(a). As shown in Fig. 3(a), the calculated R®
values from Eq. (12) align more closely with the experimental
R values compared to those calculated with Vy = 134 MeV
from the BMP model. Thus, the potential radius is also in-
fluenced by the potential depth. We also show the behavior
of the reduced radius ry = R/ (A;/ 3+ A}/ 3) for 178 even-even
nuclei as a function of mass number A in Fig. 3(b). Here
the spherical square-well radius R is assumed to be equal
to the sum of the radii of both decay fragments. Clearly, ry
is not constant. It decreases with increasing mass number A
for both N < 126 and N > 126, but increases sharply near
N = 126. The average value of r(()l) is 1.11 fm, which is lower
than the generally accepted value of 1.2 fm. To better vi-
sualize the calculated results, Fig. 4 shows the logarithmic
deviation of half-lives for 178 even-even nuclei with proton
numbers Z = 60 to 118 as a function of mass numbers A. In
Fig. 4, the open squares represent the logarithmic deviations
calculated by the BMP model, while Fig. 4(b) shows the
deviations from the InBMP model using VA‘?‘ from Eq. (12)
(solid circles). The region between the two blue dashed lines
indicates the deviation between theoretical and experimental

a-decay half-lives, which is mostly within a factor of 0.6.
When compared with Fig. 4(a), it is evident that the majority
of the calculation results have been significantly improved,
with the data points clustering around zero in Fig. 4(b). This
indicates that the theoretical results obtained by using Eq. (12)
better agree with the experimental data. Synthesis of super-
heavy elements is an important scientific subject in the fields
of nuclear physics and chemistry. Figure 5 plots the predicted
log,y T1/2> values as functions of Ny (the neutron number of
the daughter nucleus) for parent nuclei with Z = 118 and 120
isotopes. As shown in Fig. 5, the calculated values from the
ImBMP model are highly consistent with the predictions from
the Deng-Zhang-Royer (DZR) model [33]. Moreover, the re-
sult of the ImBMP model is in the best agreement with the
experimental data of >**Og (open star). In contrast, the BMP
model somewhat overestimates the DZR model’s results. In
addition, the shell effects at the neutron numbers N; = 178
and 184 are evident for both cases with Z = 118 and 120
isotopes. In other words, while the calculated «-decay half-
life values are model dependent, the predicted magic numbers
remain consistent. It is also noteworthy that the calculated
half-life of Qg is longer than the experimental half-life of
240g, due to its neutron number N, being close to 178.

IV. SUMMARY

In summary, the potential depth Vy is extracted from the
measured o«-decay half-lives using an enumeration method
based on the BMP model, utilizing 178 experimental data
points from even-even nuclei compiled in the NUBASE2020
database. We found that the shell correction is crucial for
accurately describing «-decay half-lives. Incorporating shell
correction into the potential depth Vy, we derived a new
formula by fitting the extracted ‘“experimental” potential
depth Vy*'. This new formula relies on the fundamental
physical quantities of parent nucleus: shell correction energy,
mass number, charge number, and Q value. It significantly
reduces the rms deviation between theoretical and experimen-
tal half-lives by 32%, indicating the method’s reliability in
determining o-decay half-lives. The formula is also used to

064313-8



SHELL CORRECTION DEPENDENCE OF POTENTIAL ...

PHYSICAL REVIEW C 110, 064313 (2024)

8 R L I I I I B LN IULLE ML I IR IS I B R R R RN MRS IS I 8
b (a)  NELT8 1 NS18d - (b)  NFIT8 1 N84 )
6 I 1 [} 4 1 1 46
| : =118 ¢+ : : =120
—~ 4F 1 T 1 1 14
o 5 | i 1 1 -
~ 2T : —=— DZR (Ref.[33) | 1 12
— ! —O0— ImBMP ! !
=~ L -
2 oT : —a— BP Lo 10
S-2r : oy L 1-2
A A X X i
-4 F 4 1 1 4 -4
L L I J
-6 T -1 -6
o L 1 1 4 1 1 4
8 PN P PR P T P I P P PR PR P PR PR P B P T PR P e 8

160 165 170 175 180 185 190 195 200 205 165 170 175 180 185 190 195 200 205

Ny

Ny
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result of the Deng-Zhang-Royer formula (DZR) by Deng et al. [33] for comparison and the open star is the experimental value of >**Og.

predict the w-decay half-lives of superheavy nuclei with Z =
118 and 120, and the results agree with those obtained by
other methods.
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